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1. INTRODUCTION

Reverberation rooms are important tools in acoustics, used in a variety of standardised
measurements, e.g., in measuring the absorption of materials, the sound power of noise
sources, and the transmission loss of partitions. They are also used for testing satellite struc-
tures at high sound pressure levels.

The study of sound fields in lightly damped enclosed spaces can be approached in, at
least, two completely different ways. One can solve the wave equation with the prescribed
boundary conditions either analytically or using numerical methods. This approach, which is
particularly useful at low frequencies, leads to a description in terms of the modes of the
room. Alternatively the problem can be studied using statistical considerations. The second
approach, which is particularly appropriate at medium and high frequencies, has the advan-
tage of requiring far less detailed knowledge of the geometry of the room under study, but the
resulting model is not very accurate at low frequencies.

The purpose of this note is to give an elementary introduction to these two models.
Other important topics in room acoustics such as ray acoustic models, image models, and sub-
jective parameters of importance in design of rooms are not dealt with; the reader is referred
to the list of books in the bibliography.

2. THE MODAL THEORY OF SOUND IN ENCLOSURES

Sound in lightly damped enclosures will resonate at certain frequencies, the ‘natural
frequencies’. The sound field in the room at such a resonance frequency is called a ‘mode’
(or, for reasons that will become apparent, a ‘normal mode’), and the spatial distribution of
the sound pressure is called the ‘mode shape’. If losses at the walls are ignored the Helmholtz
equation with the boundary conditions imposed by the rigid walls of the room becomes an
eigenvalue problem, and the mathematical solution of the equation leads to eigenfunctions
and eigenfrequencies, which are the mathematical terms for the modes and the natural fre-
quencies.

The modes and natural frequencies cannot be determined analytically unless the room
is of a simple shape. In rooms of a more complicated geometry the solution must be found
using a numerical method, such as for example the finite element method.

2.1 Eigenfrequencies and mode shapes

For simplicity we will concentrate on the particularly simple case of a rectangular
room. This means that our task is to find solutions to the Helmholtz equation expressed in the
usual Cartesian coordinate system,

o’p o*p Op .
+ + +k“p=0, 2.1
o o o F @1)

subject to the boundary conditions of zero normal sound pressure gradient at the rigid walls,
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It is assumed that the solution to eq. (2.1) can be factorised, that is, written as a product of a
complex exponential and a function of x, a function of y and a function of z,

P, y,2,0) = p.(x)p,(»)p.(2)e'. (2.3)

Inserting this expression into eq. (2.1) and dividing with p yields

2 d2 2
1 d pxz(x)+ 1 pyz(y)+ 1 d pZZ(Z)+k2 _
p.(x) dx p,(y) dy p.(z) dz

0. (2.4)

A close examination of this equation leads to the conclusion that all terms must be independ-
ent of x, y and z. Equating the three first terms of eq. (2.4) with —k~, —ky2 and —k. gives

X

2
4p.x) §;Q(X) +klp.(x)=0, (2.5a)
d’p,(»
—dy2 +k,p,(¥)=0, (2.5b)
2
—d 5222(2) +kXp.(2)=0, (2.5¢)

where the three separation constants are subject to the constraint
2 2 2 2
ky+k, +k:=k". (2.6)

Thus eq. (2.1) has been separated into three equations, each of which depending on only one
coordinate. The three equations have solutions of the form

p.(x)=Ae™ + B, (2.7a)
p,(n=Ce™ D&, (2.7b)
p.(2)=Ee’¥ 1 Fe, (2.7¢)

Consequently, the general solution to eq. (2.1) can be written
D= (A e 4 Be )(C e Yy D )(E e " L Felts )ej"”. (2.8)

This expression must satisfy the boundary condition expressed by eq. (2.2). It is easy to see
that the boundary conditions at x = 0, y = 0 and z = 0 imply that B= 4, D= C and F = E, from
which it follows that

p,(x)=24cos(k,x), p,(y)=2Ccos(k,y), p,(z)=2Ecos(k,z). (2.9a,2.9b,2.9c)



The boundary conditions at x =/, y =1 and z =1 are satisfied only for the following dis-
crete values of &, &k, and k_,

kil =nm, kil =nmn, kl=nnr, (2.10a, 2.10b, 2.10c)

x“x y'y y z'z

where n,, n, and n, are integers. All in all we can write the sound pressure as a sum of
terms of the form

nm
Wy (x,y,2) = 4, cos X cos| 22 | cog| ™2 , (2.11)
[, L, [,
that is,
ﬁ(xayazat)=ZANV/N(xayaZ)ejM9 (212)
N
where N represents the three integers n,, n, and n_,

; :i i i : (2.13)

n,=0 n,=0 n,=0

The modal amplitudes, Ay, depend on the position and strength of the source; see section 2.3.
The factor

Ay =./¢,€,8,, (2.14)

in which ¢ =1 and ¢ =¢, =¢,...=2, is a normalisation constant. Combining egs. (2.6)
and (2.10) gives us an expression for the natural frequencies of the room,!

2 2 2
o, =kyc=c AL Y T I . (2.15)
[, L, I

Each term in the sum given by eq. (2.12) represents a mode. In the special case where
all three indices are zero we have the fundamental cavity mode in which the sound pressure is
independent of the position in the room and the air in the room acts like a spring (see example
2.1). If two out of the three indices are zero, we have an axial mode with wave motion in just
one direction; two-dimensional modes, for which one index equals zero, are known as tan-
gential modes; and three-dimensional modes are also called obligue modes. In figure 2.1 are
shown contours of equal sound pressure in two different tangential modes. Note the nodal
planes in which the sound pressure is zero.

LIf the dimensions of the room are commensurable (say, /. =2/ =3I ) some of the natural frequencies will
coincide. As a result the frequency response of the room will be more irregular. This phenomenon, which is
called modal degeneracy, should be avoided. The dimensions of well-designed rectangular reverberation rooms
(or loudspeaker enclosures) are not related by whole numbers.
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Mode: (2,1,0)

Figure 2.1 Equal pressure contours of the (1, 1, 0) mode and the (2, 1, 0) mode in a rectangular room. (From

ref. [1]).
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Figure 2.2 Modal patterns in a rectangular and in a nonrectangular room. (From ref. [2].)

Modes in a room may be interpreted as sums of interfering waves travelling in various
directions. For example, if we rewrite the expression for an axial mode in the x-direction as a
sum of two complex exponentials,

Wy (a3 2) = e s o), (2.16)

NG

it becomes apparent that it may be regarded as a sum of two plane waves with the same am-
plitude, one travelling in the positive x-direction and one travelling in the opposite direction —
in other words a standing wave. The two waves interfere in such a manner that the boundary
conditions at x = 0 and x = /_are satisfied; this is the case only for the discrete values of £,



given by eq. (2.10a). In the same way we can write the general expression for a three-
dimensional mode in the form

Y S VI
Vy(x,»,2) :_(e kax_i_ejkxx) ok | gihy (e ik ejkzz)

1 —j(kx+k, y+k —j(kx+k, y—k —j(kx—k, y+k —j(k x—k,y—k.
e J(kx+kyy ZZ)_i_e JCkx+kyy ZZ)_i_e JCkyx—k,y ZZ)+e J(kx—k,y—k.z) (2.17)

B

jUexrkyy+k.z) - jlkextk,y—kz) jkx—ky+k.z)  j(kx—k,y—k.z)
+€ ’ +€ ! +€ k +€ k 5

which shows that an oblique mode can be decomposed into eight interfering plane waves that
propagate in the directions (kx,ky,kz ), (kx,ky,-kz ), (kx,-ky,kz ), (kx,-ky,-kz ), (-kx,-ky,-kz ),
(-k .-k, k), (-k .k ,-k ) and(-k_,k ,k ). These plane waves may be interpreted as one
obliquely incident plane wave and its reflections from the walls of the room. The eight waves
interfere in such a manner that the boundary conditions (egs. (2.2)) are satisfied.

It should finally be emphasised that the sound field in an enclosure of any shape can
be decomposed into modes, although simple analytical solutions are available only for rec-
tangular, cylindrical and spherical enclosures. An example of a mode in an irregular room is
given in figure 2.2. In such a room there are no nodal planes but curved nodal surfaces.

2.2 The modal density

A
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Figure 2.3 Number of natural frequencies in a 10-Hz band compared with the smoothed modal density. (From

ref. [3]).

The exact distribution of the eigenfrequencies of a rectangular room depends on the
dimensions as indicated by eq. (2.15). The modal density, that is, the average number of
modes per unit bandwidth, is in general a somewhat irregular function of the frequency; see
figure 2.3. However, it is possible to derive a smoothed expression for the modal density, as
follows. From the observation that the natural frequencies of the axial modes in the x-
direction are equidistantly distributed on the frequency axis,



C
21

3¢ 2c
, R 2.18
L (2.18)

C
, —
lx

we conclude that there are about f/(c/2/;) such modes below the frequency f. In a similar man-
ner we can derive an approximate expression for the number of tangential x-y modes below
the frequency f by counting the number of rectangles with dimensions (c/2l, ¢/21,) in a quar-
ter of a circle with radius f'(see figure 2.4). The result is

| R
N 4"l 2.19
Xy(f)_ii - CZ . ( . )
21, 21,

Y

Figure 2.4 Counting the number of x-y modes below the frequency f.

Finally we can derive an approximate expression for the number of three-dimensional
modes below f by counting the number of boxes with dimensions (c/2lx, ¢/2ly, ¢/2Iz) in an
eighth of a sphere with the radius f,

4
~—af
4nlV
N(f) = 08 3c R 72 (2.20)
2202

The observation that the number of one-, two-, and three-dimensional modes below f'is pro-
portional to /', f* and f~ leads to the conclusion that three-dimensional modes will domi-
nate except at low frequencies; therefore we will ignore axial and tangential modes. Differen-
tiating eq. (2.20) with respect to the frequency gives the modal density,

12 2.21)

()= LU 2D

df

It can be shown that this expression is asymptotically valid in any room, irrespective of its
shape [4].
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2.2 The Green’s function
An important property of the modes in a room can be deduced as follows. Since every
mode satisfies the Helmholtz equation, we can write

Viy, +k.y, =0, Vi, +kly, =0, (2.22a, 2.22b)
and therefore,

v,V + k), - v,V +kDw, =0. (2.23)
However, this equation can be rewritten in the form

V.V, -w,Vv,)+(k, ~k)Dy,w, =0. (2.24)

Integrating over the volume of the room and applying Gauss’s theorem? on the first term
gives

[ @ Vv, -v,Vv,) dS+ (k- kD[ w,w,dV =0, (2.25)

where S is the surface of the room. At the rigid walls the normal component of the gradient of
any eigenfunction is zero, and therefore the left-hand term is zero. It follows that the eigen-
functions are orthogonal, that is, that

[ vaw.ar =o, (2.26)

unless m = n; hence the term ‘normal mode’. It is customary to normalise the eigenfunctions
so that

lJ.V l//mWndV = 8mn’ (227)
V

which implies that

j vadv V. (2.28)

Note that these considerations have not been limited to the special case of a rectangular room.
It is interesting to study how a source placed at a certain position in the room will ex-
cite the various modes. The Green’s function for the sound field in a room with rigid walls3

2 According to Gauss’s theorem the volume integral of the divergence of a vector E is identical with the
corresponding surface integral of the normal component of the vector, that is,

jVV~EdV=ISE-dS.

3 The Green’s function is the sound pressure at one point, r, generated by a (normalised) point source with
frequency independent volume acceleration at another point, r,. See e.g. ref. [5].
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can be derived as follows. We are looking for solutions to the inhomogeneous Helmholtz
equation

V2G(r,r,) + k*G(r,r,) = -8(r - 1,) (2.29)
with the boundary condition

oG(r,r))

0 2.30
o (2.30)

on the walls. Any sound field in the room can be expressed in terms of the modes of the
room, that is, functions that satisfy the equation

V2, (1) + K2y, (r) = 0 (2:31)
and the boundary condition mentioned above. Therefore,

G(r,r) =Y A,p, ). (2.32)

The source term (the right-hand side of eq. (2.29)) can also be expanded into a sum of modes,

~3(r-r)) =Y By, (r). (2.33)

Multiplying withy/, and integrating over the volume of the room gives, if we make use of the
fact that the modes are orthogonal (cf. eq. (2.27)),

~[ 8-y, (0)dV = -y, (x,) = [ Y By, (0w, @)V =BV, (2.34)
which shows that

_ Y (ry)
B, = R (2.35)

and thus
8(r 1) - —%Zw(rwm(r‘)). (2.36)

It now follows that

(V2 + k)G, = (V2 + k)Y 4w, () =D 4, (v2 + k2 -k + K )t//m (r)
: " (2.37)
= 2 A (K Ky (0) = = D, (0, (1),

from which we deduce that
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1y, ()

= . 2.38
m V k2 k’i ( )
Finally we can write the Green’s function as
G(l‘, 1‘0) _ Z l//m (r)l//m (rﬂ) ) (239)

Note the symmetry with respect to source and receiver position, in agreement with the recip-
rocity principle. A point source placed on a nodal surface of a given mode does not excite the
mode. Note also that each mode, not surprisingly, contributes most to the sound field when
driven near its natural frequency (k =k, ). It can be seen that the response is unlimited if the
frequency of the excitation coincides with one of the natural frequencies.

30

-----

m———

Sound pressure level (dB)

0 Frequency (Hz) 200

Figure 2.5 Magnitude of the Green'’s function in a room as a function of the frequency. Solid line: source and
receiver points close to each other, dashed line: source and receiver points far from each other.

In practice there are, of course, losses in any room, even in a room with walls of solid
concrete.* As a result the eigenvalues of the problem become complex, with small imaginary
parts equal to 1/(27,¢), where 7, is the time constant of the m’th mode (see section 4.1).
This leads to the expression

L v, (O, (1) V. (r)t//m (r)
G n) = Vzk2 12—k z.c) Zk2 —jkl(z,c) (2.40)

4 Even in a room with perfectly rigid walls there are some losses because of the viscosity of air and because the
process of sound tends to be isothermal rather than adiabatic in a thin boundary layer near every wall. To a
rough approximation the effect of the thermal and viscous losses at the walls in a reverberation room can be
described in terms of a finite absorption coefficient,

a=1810"/1,

where fis the frequency in hertz (Cremer and Miiller, 1982). See chapter 4 for relations between the absorption
coefficient, the wall admittance, the time constant, the reverberation time, etc.

13



where the second approximation has the advantage over the first one that it corresponds to a
real-valued, causal time function.’ The left-hand version corresponds to complex eigenvalues
caused by losses at the boundaries; the right-hand version corresponds to a medium with
losses.

It can be seen from eq. (2.40) that the response of any mode is limited also when it is
driven at its natural frequency. It is also easy to show that the 3-dB bandwidth of the m’th
mode (in hertz) is 1/(2n7, ). We will study the effect of losses in chapter 4.

Figure 2.5 shows two examples of the eq. (2.40) plotted as a function of the fre-
quency, and figure 2.6 shows two examples of eq. (2.40) plotted as a function of the distance
between the source and the receiver position.

20

=40 1 1 1 ! ] 1 1 ] 1
(0,0,0) Position _ (Ix,ly,lz)

Sound pressure level (dB)

Figure 2.6 Magnitude of the Green’s function in a room as a function of the receiver position. The room is
driven close to a natural frequency (solid line) and midway between two natural frequencies (dashed line).

Example 2.1

If the room is driven at a very low frequency the response will be dominated by the (0, 0, 0) mode.
Thus eq. (2.40) becomes,

1 c?
G(r,ry)=— =——
(%) ViE: Vo'

E)

which is independent of r and r,. The sound pressure generated by a monopole with the volume velocity Qe’
is obtained by multiplying with jopQ [5],

2
P(X) = jwpQG(r,r, ) =L 0ei,
joV

and this is seen to agree with the fact that the acoustic impedance of a cavity with dimensions much shorter than
the wavelength is

_pct _7py
joV  joV’

a

where y is the ratio of specific heats and p, is the static pressure.

5 A realistic frequency response should correspond to a real-valued, causal impulse response. This implies that
the real part of the frequency response must be an even function of the frequency, the imaginary part should be
an odd function of the frequency, and that the real and imaginary part are related by the Hilbert transform [6, 7].
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The (0, 0, 0) ‘cavity mode’ is responsible for the low frequency boost that can be heard in small spaces,
e.g., inside cars. The acoustic impedance of the cavity is much larger than the radiation impedance in the open,
and therefore even a small loudspeaker can generate a surprisingly high sound pressure level above its reso-
nance frequency and up to, say, 80 Hz in a car.

Example 2.2
It is interesting to compare eq. (2.39) with the free space Green’s function,

—jkR

G(r.x,) = ZHR,

where R = |r - r0| , and with the Green’s function for a semi-infinite lossless duct [5],

__J
G(r,ro)_ S; m

There are evidently strong similarities between modes in ducts and rooms, but the cut-off phenomenon that oc-
curs when a duct mode is driven below a certain frequency is peculiar to ducts.

At very low frequencies a monopole with the volume velocity Qe'” will generate the sound pressure

j @, Core .
%e“”’ ) in free space,
o
R cQ . ) e
p(r) = pTQ ell@=k) in a semi-infinite duct,
pe’Q
— e in a room.
jo

Note that the radiation impedance in free space is mass-like, that the radiation impedance in the duct is real-
valued at low frequencies where only plane waves can propagate, and that the air in a room at low frequencies
behaves like an elastic spring.

3. AN INTRODUCTION TO STATISTICAL ROOM ACOUSTICS

In theory the validity of the modal expressions derived in chapter 2 is not restricted to
low frequencies. It may seem surprising, therefore, that a completely different approach based
on statistical considerations is actually more useful at medium and high frequencies than the
deterministic approach described in the foregoing. Evidently, a model based on statistical
considerations can only give statistical answers; we may, for example, be able to predict with
a certain level of confidence that the sound pressure level is within a certain range. However,
we can never make deterministic predictions with a probabilistic model. By contrast, eq.
(2.40) appears to be exact. Why the concern with statistical models, then?

There are two reasons. One reason is that expressions based on sums of modes are in
practice less useful at high frequencies than they would seem to be. The problem is that when
hundreds of complex terms are summed the result becomes very sensitive to small errors in
each term, and such errors are likely to occur. For example, the dimensions of the room might
be slightly different from the dimensions used in the model, and the temperature and thus the
speed of sound may differ a bit from the value used in modelling the room. Even very small
modelling errors will shift the natural frequencies of the modes, and the amplitude and phase
of each of the terms that correspond to modes driven near their natural frequency may change
somewhat. As a result the sum can be completely wrong at any given frequency.
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The other reason is that statistical models, as we shall see, can be surprisingly power-
ful in the sense that they make it possible to predict a number of characteristics of, e.g., the
sound field in a reverberation room on the basis of very little information. Indeed, the statisti-
cal properties of the sound field in a reverberation room driven with a pure tone can be pre-
dicted in considerable detail without any knowledge of the room.

Only some of the most fundamental results of the statistical model will be presented
here. The reader is referred to Pierce (1989) and refs. [8, 9] for further details.

g 3 8 8

2

L, (dB re 20 uPa)
s 8 8 5

=

1 i " M i
B0 100 125 160 200 250 315
Frequency {Hz)

Figure 3.1 A typical frequency response in a room. (From ref. [10].)

The background for the statistical theory is the fact that the modal density in a room to
a good approximation increases with the square of the frequency, irrespective of the shape of
the room, as we have seen in chapter 2,

n(f)=22 s G.1)

c3
(see figure 3.1). Combined with the finite 3-dB bandwidth of the modes,

Af = 1 _ cA :3ln10 22, (3.2)
2nr 8nV  nl, 1,

where T is the reverberation time and 4 is the total absorption area of the room (see sections
4.2 and 5.1), this leads to the following expression for the modal overlap,

12In10v
T@oc3

_27.6V

/= .o I 3.3)

M = n(f)4f = %fz
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The modal overlap is the average number of modes excited by a pure tone under the simplify-
ing assumption that each mode is excited only if the frequency of the pure tone is within a
band of the width 2.2/T centred at the natural frequency of the mode.¢ The frequency

Te
1= 2000\/; (3.4)

(with T in seconds and V in cubic metres) is known as the Schroeder frequency’ or ‘Schroe-
der’s large room frequency’. The Schroeder frequency is the frequency above which there is
sufficient modal overlap to justify a statistical approach (via the central-limit theorem) even
for pure-tone excitation. Above this frequency the modal overlap exceeds (approximately)
three, and experience shows that this is sufficient to justify the statistical approach [12].8

3.1 The perfectly diffuse sound field

A particularly simple statistical model of the sound field in a reverberation room as-
sumes that the sound field is ‘perfectly diffuse’. The perfectly diffuse sound field is composed
of sound waves coming from all directions. This leads to the concept of a sound field in an
unbounded medium generated by distant, uncorrelated sources of random noise evenly dis-
tributed over all directions. Since the sources are uncorrelated there would not be interference
phenomena in such a sound field, and the field would therefore be completely homogeneous
and isotropic. For example, the sound pressure level would be the same at all positions, and
temporal correlation functions between linear quantities measured at two points would de-
pend only on the distance between the two points. The time-averaged sound intensity would
be zero at all positions. An approximation to this perfectly diffuse sound field might be gen-
erated by a number of loudspeakers driven with uncorrelated noise in a large anechoic room.
The sound field in a reverberation room driven by one single source is quite different, of
course. Nevertheless, combined with simple energy balance considerations the assumption
that the sound field in a reverberation room is perfectly diffuse leads to an extremely useful
relation between the sound power emitted by a source of noise in the room, the total absorp-
tion of the room, and the sound pressure generated by the source.

The derivation is fairly simple. It is assumed that the sound field in a reverberation
room is composed of incoherent plane waves of the form

PO = (3.5)

All waves have an amplitude of C/ \4m , and they arrive from all directions, given by the
three components of the wavenumber vector,

k. =ksin@cosp, ky =ksinfsing, k =kcosf. (3.6a, 3.6b, 3.6¢)

This model is based on the assumption that interference between the various waves can be
ignored, which leads to a uniform mean-square pressure of

6 Note that the losses of a reverberation room and thus T, depend on the frequency. However, the reverberation
time is usually a slowly varying function of the frequency. It is often measured in one-third octave bands.

7 This concept is named after M.R. Schroeder, who derived fundamental parts of the statistical theory in a paper
published in 1954 [11].

8 With a modal overlap of three, the sound field in a rectangular room is essentially composed of 24 plane
waves (cf. eq. (2.17)).
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Cl cx ca cl’
pfms:%j%dgojo sinedﬁz%, (3.7)

except, as we shall see later, near the walls. The z-component of the particle velocity in a sin-
gle wave is

A C k i(wt—k x—k, y—k,z) Ccost j(wt—k x—k y—Fk.z)
i,(0,p) = — =z b k) S SEEE gtk (3.8)
pcdn k pcm
and the corresponding sound intensity is
2
1 o\ 0 |C|
1.(0.9)=Y:Re{ p(0.0)E(0.9)} = —cost. (3.9

If this is integrated over the full solid angle of 4x the result is zero; there is no net intensity in
any direction in the perfectly diffuse sound field. However, the boundaries of the room are
exposed to a finite incident sound intensity. For example, the sound power incident per unit
area on a wall at z = [, is found by restricting the sound incidence to a hemisphere,

inc,z

= Smne j _nd(p_[o cos@sin 0d6 = oy (3.10)

Note that this is four times less than in a plane wave of normal incidence.

The losses of the walls are described in terms of the absorption coefficient (or absorp-
tion factor) of the walls, a. This is the absorbed fraction of the incident sound power.? Obvi-
ously, the absorption coefficient of any material must take values between naught and unity
(0 < a < 1). The total absorption of the room, A4, is calculated by multiplying each area with
its absorption coefficient,

A=) Sa, (3.11)

Note that the unit of the room absorption 4 is m”.

In the steady state the sound power emitted by the source is counterbalanced by the
sound power absorbed by the walls. The latter is simply the product of the incident sound
power per unit area and the total absorption, so we finally obtain the equation

2
=L A=y, (3.12)
4 pc
Equation (3.12) makes it possible to estimate the sound power of a source from the sound
pressure it generates in a reverberation room. All that is required is the total absorption of the
room. A more accurate version of this equation is derived in section 5.1.

The theory of the perfectly diffuse sound field assumes that the waves that constitute
the sound field are uncorrelated. Therefore interference effects between the waves are ig-
nored, and the mean square pressures of the various waves are regarded as additive. However,
it is possible to extend the theory to take account of the interference phenomena that occur

P

a,source ~ ° a,abs

9 In general the absorption coefficient of a given material depends on the nature of the sound field. Here we are
concerned with the diffuse field (or random incidence) absorption coefficient.

18



near the walls of the room. The theory is due to Waterhouse [13]. Waterhouse assumed that
an infinitely large, perfectly rigid plane surface was exposed to perfectly diffuse sound inci-
dence.

Near the wall at z =/, eq. (3.5) should be modified to

R C
p(Z, 9,(p) = \/E

Sk ks j(@r—kxk, C i(r—k x—k,
(e k= ok )eJ(”t * }y)=—coskzzej(a” ) (3.13)

T :

because each incident wave will be fully coherent with the corresponding reflected wave. The
sound incidence is now restricted to a hemisphere, and eq. (3.7) becomes

Ccl cx (n
P (2)= |2_| [" o[ cos* (kzcos 0)sin 040
T (3.14)

2 2 .
= QJ. n/2(1+cos(2kzcost9)) sinfdof = |C| (l 43 Zij’
2 7o 2 2kz

which shows that the interference between each wave and its reflected counterpart gives rise
to an interference pattern near the boundaries of the room; see figure 3.2. Note that the mean
square sound pressure is doubled at the surface of the wall, corresponding to an increase of
the level of 3 dB. Similar considerations show that there is a systematic increase of the sound
pressure level of 6 dB near the edges of a reverberation room and an increase of 9 dB near the
corners of a the room [13].

ol
E-»

A+
Figure 3.2 Interference pattern in a diffuse sound field in front of a rigid wall.
Waterhouse used eq. (3.14) to calculate the fractional increase of the total sound en-

ergy in the room due to the interference pattern near the walls [13]. Ignoring the interference
effects near edges and corners he obtained the following approximate expression

ijsm(zkh)dh S_[wsmxdx nS _SA (3.15)

o 2kn kvl x T aky sy

where A is the wavelength, and concluded that, instead of the total energy V?/ (pc?),
which is what one would expect,!0 the total sound energy in the room amounts to

10 In a resonant system the time averaged potential energy equals the time averaged kinetic energy. Therefore
the total energy is simply twice the potential energy.
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E=v P (1+ﬁ]. (3.16)

“ 0 pct 8V

The factor in parenthesis is known as the ‘Waterhouse correction’. It is negligibly small ex-
cept at low frequencies. In section 5.1 we shall use this quantity for improving eq. (3.12).

3.2 The sound field in a reverberation room driven with a pure tone

Exceedingly useful as it is, the perfectly diffuse field model is too coarse an approxi-
mation for some purposes. For example, it ignores the interference phenomena that are caused
by the fact all the sound waves in the room are generated by the same source and postulates
that the sound field is homogeneous (in obvious disagreement with the pure-tone expressions
used in deriving egs. (3.7), (3.10) and (3.12)), and this is not a good approximation in a rever-
beration room driven with a narrow-band signal. A more realistic model of the sound field in
a reverberation room above the Schroeder frequency describes the sound field as composed of
coherent plane waves with random phases arriving from all directions. This is a pure-tone
model, and therefore the various plane waves interfere in the entire sound field, not just near
the boundaries as assumed in section 3.1. As we shall see, the result 1s a sound field in which
the sound pressure level depends on the position, although the probability of the level being
in a certain interval is the same at all positions. Temporal correlation functions between linear
quantities measured at two positions depend on the positions, although the probability of a
given correlation function being in a certain interval depends only on the distance between
the two points. The time-averaged sound intensity assumes a finite value at all positions.
Since infinitely many plane waves with completely random phases are assumed, this model is
also idealised, but it gives a good approximation to the sound field in a reverberation room
driven with a pure tone above the Schroeder frequency. With averaging over an ensemble of
realisations the perfectly diffuse field described above is obtained. An approximation to en-
semble averaging is obtained if the room is equipped with a rotating diffuser.!!

As mentioned above, the statistical model is based on the assumption that the sound
field can be modelled as a sum of plane waves with random phases and amplitudes, arriving
from random directions. Therefore the sound pressure at a given position can be written

A . 1 L j(ot—K; 1))
p(r)= lim —— ) Ae" " | (3.17)
Y Now N ;

where 4; is the complex amplitude of the i’th wave and k; is its wavenumber vector, that is, a
vector of the length & (= w/c) pointing in the direction of propagation of the i’th wave. The
amplitudes are independent random variables with uniformly distributed phases, and all direc-
tions of the wavenumber vectors are equally probable. At another position in the sound field
the sound pressure is
p(r,) = lim LiA.e““”“‘f’z) = lim Li Al kimekir (3.18)
’ N—)O()\/Ni—l l N—)oo\mizl l

where r is the vector that separates the two points. Thus k, -r is a term that accounts for the
phase shift between point no 1 and point no 2. Since the directions of the various waves are
random this is a random term, and if » > /2 it takes random values over an interval of more
than £n. In other words, at points more than half a wavelength apart we have in effect inde-

11 A rotating diffuser is a large, slowly rotating device that changes the modal pattern in the room.
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pendent sets of random phases. This leads to the conclusion that the statistical properties of
the sound field can be determined by studying the ensemble statistics of sums of the type
given by eq. (3.17).

The spatial statistics of the mean square pressure is particularly interesting, since spa-
tial average values of this quantity are central in practically all measurements in reverberation
rooms (cf. eq. (3.12)). The amount of spatial averaging that is required to ensure a reliable
estimate is obviously of concern. The mean square pressure can be written

N 2

1 1 -] .
2 1 (ot k; 1 )
N !

pl (r)= lim ——
N—>w i=1

2

= NlinglN iIA,»I(cos(coi—ki-r1>+jsin(<oi—ki-r1>) (3.19)
1 N 2 N 2
= Nlinooﬂ\f([;LqJCOS(Q -k, 'rl)j +(;|Ai|5in(¢[ -k, 'rl)j }

where @, is the phase of 4;. It can be seen that the mean square pressure is a sum of two
squared sums of random terms. This is a random variable (see Appendix A), and from the
central-limit theorem we conclude that each sum is a Gaussian variable (see Appendix B and
ref. [14]). It can readily be shown that the two sums have the same statistical properties, and
that they are independent random variables. A sum of n squared, independent Gaussian ran-
dom variables with the same distribution has a chi-square distribution with » degrees of free-
dom (see Appendix C). In the particular case of n = 2 this is the exponential distribution,
which leads to the conclusion that the mean square pressure in the room is a random variable
with the probability density function

1 )
—e ¢ if x>0

fo @) =1¢ (3.20)
0 elsewhere,
where

&= E{pn} (3.21)

is the ensemble average of the mean square pressure, which is also the spatial average value.
The exponential probability density is shown in figure 3.3. Equation (3.20) shows that the
probability of the mean square pressure at a given position in the room exceeding a certain
value ¢ can be written

Piphy>eb=] f. (x)dx= [ exp(-x/E{pl, pdx . (3.22)

1
Eipl,)
One of the properties of an exponentially distributed random variable is that its rela-
tive standard deviation, that is, the standard deviation divided by the average value, equals
unity; see Appendix C. From the foregoing we can now conclude that the mean square pres-
sure in a reverberation room driven with a pure tone varies significantly with the position: its
relative spatial standard deviation equals unity.
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Figure 3.3 The exponential distribution.

It can be shown from eq. (3.20) that the probability density of the sound pressure /eve/
is [11]

Inl Inl Inl
f,, =10 exp[ 12 - 1)- exp(?—oo (x- LO)D , (3.23)

where L, is the level that corresponds to E{p’ }. This function is shown in figure 3.4. The
corresponding standard deviation is about 5.6 dB. See also figure 3.5, which shows the sound
pressure level recorded by a traversing microphone in a reverberation room.

L -20 dB L Ly +
P p P L +20 dB

Figure 3.4 The probability density of the sound pressure level in a reverberation room driven with a pure tone.

Finally it is worth calling attention to the fact that no properties of the room have en-
tered into these considerations — except a modal overlap of at least three. According to this
theory the spatial standard deviation of the sound pressure level is about 5.6 dB in any lightly
damped room driven with a pure tone above the Schroeder frequency except close to the
source that generates the sound field.

It is physically obvious that the sound pressures at two points very close to each other
tend to be similar; there is a limit to how rapidly the sound field changes with position. A sta-
tistical analysis of such a phenomenon leads to a description in terms of correlation functions.

We can calculate the spatial correlation of the sound pressure as follows. Combining eqgs.
(3.17) and (3.18) gives
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E{pr)p(n,)} = E{ m}%ﬁﬁ‘ 4 Aj‘eJ-(wi@,)ejki_r}
i

(3.24)
|p|2 } —41 Ioznjon cos(kr cos@)sinfdOde
T

{
:E{|p|2}2+a/.[z‘cosxdx:E{|p|2} sil;rkr.

The normalised correlation function is shown in figure 3.6. The interpretation of this spatial
correlation function is that sound pressure signals recorded at positions less than, say, a quar-
ter of a wavelength apart in a reverberation room driven with a pure tone are likely to have
almost the same amplitude and phase. On the other hand, if there is more than half a wave-
length between the two points then knowledge of the amplitude and phase of one of the sig-
nals gives practically no knowledge of the other signal.

"-' =5m I

Figure 3.5 The sound pressure level as a function of the position on a diagonal path in a reverberation room
driven with a pure tone. (From Kuttruff 2000.)

Using similar considerations one can show that the normalised spatial covariance of
the mean square pressure is (sink7/kr)? [15]. This function is shown in figure 3.7. It is appar-
ent that the covariance is negligible for distances exceeding half a wavelength, indicating that
microphone positions should be spaced half a wavelength apart (or more) for maximum effi-
ciency of the spatial averaging procedure. If the positions are less than half a wavelength
apart they do not give independent sample values. With independent sample values the uncer-
tainty of the resulting estimate is reduced by the square root of the number of positions.

Various continuous averaging procedures have been examined in refs. [16, 17]. One
of the most important results is that averaging over a straight path of the length / is equivalent
to averaging over //(A/2) independent positions. In practice the spatial averaging is often
carried out using a rotating microphone boom. If the diameter of the measurement path ex-
ceeds one wavelength then the equivalent number of independent positions may be calculated
as if it were straight.
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Figure 3.6 The spatial correlation of the sound pressure in a reverberation room driven with a pure tone.
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Figure 3.7 The spatial covariance of the mean square sound pressure in a reverberation room driven with a
pure tone.

3.3 Frequency averaging

It is possible to extend the statistical pure-tone model to excitation with a band of
noise. If a reverberation room is driven with a pure tone whose frequency is shifted slightly,
the phases and amplitudes of the plane waves that compose the sound field are changed,
which means that the entire interference pattern is changed [11]. The longer the reverberation
time of the room the faster the sound field will change as a function of the frequency [18]. It
now follows that excitation with a band of noise corresponds to averaging over the band. As a
result the sound field becomes more uniform, temporal correlation functions between linear
quantities measured at pairs of positions tend to depend less on the particular positions, the
sound intensity is reduced, and the sound power of a monopole approaches the free field
power. The effect of this spectral averaging depends not only on the bandwidth of the excita-
tion (or the analysis) but also on the damping of the room; the longer the reverberation time
the more efficient the averaging.

It can be shown [19, 20] that the relative spatial standard deviation of the mean square
pressure in a reverberation room driven with a band of noise (or driven with wide band noise
and analysed in bands) to a good approximation is given by the expression

e 1 _ 1
#p }_\/1+(1Aa)/n) JI+ AT, 169

(3.25)
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where Aw =2nAf is the bandwidth of the noise. This will usually be much less that the rela-
tive standard deviation of unity found in a room driven with a pure tone.

It is apparent that there are many similarities between the sound field in a room driven
with noise and the perfectly diffuse sound field described in section 3.1; this explains the use-
fulness of this concept. However, there are also important differences between the ‘fine struc-
ture’ of the sound field in a real room and a perfectly diffuse sound field; this can be observed
when the sound field is analysed with fine spectral resolution. It can also be concluded that
diffuseness at low frequencies requires a large room, and that long reverberation times (with-
in the limits determined by the requirement of sufficient modal overlap) are favourable.

3.4 The sound power emitted by a point source

The sound power emitted by a point source in a lightly damped room cannot be ex-
pected to be unaffected by the reverberant sound field even when it is placed far from the
walls of the room. The sound power of a pure-tone monopole with the volume velocity Qe!”
is

P :%Re{Zr}, (3.26)

where Z_ is the radiation impedance. The sound field at the source position may be regarded
as the sum of the direct field and the reverberant field, and therefore the radiation impedance
is the sum of the free-field radiation impedance and the complex ratio of the sound pressure
associated with the reverberant field and the volume velocity of the source,

2 A
Z - /’:k +QP—J (3.27)
T (&

All phases are equally probable in the reverberant field, and thus E{p .} =0, which leads to
the conclusion that on the average the monopole emits its free-field sound power output

ko]
E{P) =%. (3.28)

However, the actual sound power output of the source varies with the position. The corre-
sponding spatial variance can be calculated as follows,

011 i 1 e 2]

e
=%E{

b cos’(p)}

(3.29)

5 112 80¢ ooy paipy 81
b= (R =E (R

rev

where use has been made of eqgs. (3.12) and (3.28) and the fact that the average of a squared
cosine of a random phase is 2. It can now be seen that the relative standard deviation is in-
versely proportional to the modal overlap,
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(cf. eq. (3.3)). However, this derivation has not taken account of the phenomenon known as
‘weak Anderson localisation’ (also known as ‘coherent backscattering’), according to which
there is a concentration of the reverberant part of the sound field exactly at the source posi-
tion [21]. This effect increases the relative standard deviation by a factor of V2 . The result-
ing relation is compared with numerical data in figure 3.8.

It is apparent that the sound power emitted by the source at low frequencies varies
substantially with room and position unless the room is very large and heavily damped. This
indicates that it is extremely important to average over many source positions if the sound
power of a source with a significant content of pure tones is to be determined in a reverbera-
tion room. Ideally one should also average over several rooms.

3.5

3

2.5

Relative ensemble standard deviation

0.5 1 1.5 2 2.5 3 35 4
Modal overlap M

Figure 3.8 Relative ensemble standard deviation of the sound power output of a monopole that emits a pure
tone (eq. (3.30)) compared with numerical (finite element) results. (From ref. [22]).

If the source emits bandpass filtered noise the spatial standard deviation is reduced by
the factor given by eq. (3.25). Thus

g{};}:i 167 1 :i /1671 1 :i 2750’ (331)
kkV A 1+(tAw/n) Kk, \ A J1+8VAf/cA k,\VAf

where ky corresponds to the centre frequency. In this case the damping of the room has almost
no influence. It can be seen that although the standard deviation of the emitted sound power is
significantly reduced by the frequency averaging it is still not negligible at low frequencies
unless the room is very large. It must be concluded that there is a considerable uncertainty in
sound power measurements and in predictions based on sound power at low frequencies.

Extending the random wave model to the region below the Schroeder frequency

The model presented in section 3.2 is only valid when the modal overlap of the room is high. In this
frequency range the source emits essentially its free field sound power; cf. eq. (3.30). However, it is possible to
extend the model to lower frequencies by taking account of the variations of the sound power of the source.
These random variations modify the ensemble average of the amplitudes of the waves. The result is an addi-
tional contribution to the variance of the mean square pressure that is inversely proportional to the modal over-
lap [23].
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Statistical results based on the modal theory

It is possible to derive expressions in closed form for statistical properties of the sound power output of
the source and the mean square pressure in the room by averaging expressions determined from eq. (2.40) over
source and/or receiver position and replacing the resulting modal sums by integrals [24-26]. The latter procedure
may be interpreted as determining averages over an ensemble of rooms with slightly different dimensions but
essentially the same size. Such rooms would have the same modal density, but the particular distributions of
modal frequencies would be different.

The theory is fairly complicated because the modal frequencies tend to exhibit ‘long range repulsion’,
and thus they are not independently distributed on the frequency axis with a density given by eq. (2.21) as origi-
nally though; they are distributed in accordance with the random matrix theory of Gaussian orthogonal ensem-
bles [27]. This theory, which is now well established, gives results in good agreement with the recently extended
random wave theory; see ref. [23].

4. THE DECAY OF SOUND IN A LIGHTLY DAMPED ROOM

Consider a room driven by a source that emits sound, but not necessarily steady
sound. Simple energy balance considerations lead to the following equation,

dE,
-P =", 4.1
a,source a,abs dt ( )
where P, ... 1s the sound power emitted by the source, F, . is the sound power absorbed by

the walls of the room, and F, is the total sound energy in the room. (Obviously, eq. (4.1) is an
extension of eq. (3.12)). If the source is suddenly turned off eq. (4.1) becomes

dE
P +—2=0, 42
a,abs dt ( )

which is the basis for the following simple considerations. We will study the problem using
the two fundamentally different models presented in chapters 2 and 3.

4.1 The modal approach

In this section we will study the sound field mode by mode. The walls of the room
have a finite but small admittance with a finite real part, indicating that acoustic energy is ab-
sorbed by the walls. The following considerations are based on the assumption that the mode
shapes in the lightly damped room are the same as in the undamped room. It is also assumed
that each mode maintains its shape during the decay process; it is just the amplitude that de-
creases with time.

We can express the total sound energy in the mode in terms of an integral of the
squared mode shape as follows,

[2ul_ gy -[ An gy, 4.3)

Ea,m - J-V(wkin,m 130t '")dV .[ 2w pOt de '[ v 2pC

V2pc

where A4,, is the amplitude of the mode (cf. eq. (2.12)). The sound power absorbed by the
walls is obtained by integrating the product of the mean square sound pressure and the real
part of the local admittance over the surface that defines the room,

m
a abs,m

vhds=| m'/’mR {r}ds, (4.4)
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where Y is the local specific wall admittance (the local ratio of the normal component of the
particle velocity to the sound pressure).

Under the reasonable assumption that the mode shape is maintained during the decay
process we can expect the ratio E, / P, .., associated with a given mode to be constant. Appar-
ently this ratio has the dimension of time,

Ea m 1 J.V l//idV
T, =95 =— 5 . (4.5)
Pa,abs,m ,OC jS l//mRe{Y}dS
We can now write eq. (4.2) in the form
Ea m dEa m
—+——=0. (4.6)
T, dt
The solution to this simple first-order differential equation is a decaying exponential,
E,,(0)=E, (t)e"™"™ for tx1, (4.7)

where 1 is the time at which the source is switched off. We conclude that the sound energy in
each mode decreases exponentially with a time constant given by eq. (4.5).

The decay constants of the modes in a rectangular room with uniform wall admittance
can be found by combining egs. (2.11) and (4.5). Because of the normalisation, the volume
integral in the numerator of eq. (4.5) simply equals V (cf. eq. (2.28)). The surface integral of
the denominator becomes

8Re{Y} Si for oblique modes,

) N 11 21 .
J. W Re{Y} ds = 4Re{Y} S(gz + EEJ for tangential modes, (4.8)

2Re{Y} S l + %l for axial modes,
3 32

where the first factor (8, 4 or 2) is the square of the normalisation constant given by eq.
(2.14). The equation is exact for oblique modes; for axial and tangential modes it has been
assumed that/ =/ =/  so that each wall has an area of /6. Inserting in eq. (4.5) gives

4 4
- for obli des,
2pczSRe{Y} 2CSRe{ﬂ} or oblique modes
3V 3y
) ) fort tial modes, 4.9
T SplSRe(Yl SeSRe[pl e moge (4.9)
2 L = < for axial modes,
4pc’SRe{Y} 4cSRe{p}
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where for simplicity we have introduced the normalised (dimensionless) specific wall admit-
tance

B = pcY. (4.10)

It is apparent that axial modes die out at a slightly slower rate than tangential and oblique
modes. In practice the losses of rooms are measured in frequency bands, say, one-third octave
bands, which means that many modes are excited at the same time. As a result of the different
decay rates logarithmic decay functions recorded in rectangular rooms without diffusing
plates!? tend to be curved at low frequencies; see figure 4.1. At higher frequencies oblique
modes dominate, and the logarithmic decay functions tend to be almost perfectly linear.

w
(o]

~
o

Decay function (dB)
wn
o
I

Time (s)

Figure 4.1 A curved decay curve recorded in a reverberation room. (From ref. [28].)

If we consider a rectangular room in which the losses are concentrated on one of the
walls, say z = 0, a similar analysis gives

8Re{Y}1 [, i for oblique modes,

4Re{Y}llyl if n. >0andn, >0and n_ =0,
x 4 x y z

4Re{Y}11 1 ifn =0andn, >0and n_ >0,
x“y 2 x y z

[ v Re{r}ds = 4Re{Y}lxly% if n, >0and n, =0 and n_ >0, (4.11)

2Re{Y}1 1, if n,=0and n, =0and n_ >0,

2Re{Y}llyl if n,>0andn, =0andn_ =0,
X ) X y z

2Re{Y}llyl ifn. =0andn, >0and n_ =0,
x ) X y z

12 Diffusers in the form of large stationary plates distributed at random in the room and having random orienta-
tion tend to couple the various modes and thus make the decay curves more linear.

29



which leads to the conclusion that there are only two different values of ¢

» depending on
whether there is wave motion in the z-direction or not,

[
= fi
3cRelB or n_ =0,

o1 4.12)
m for l’lZZO.

Note that the two decay constants differ by a factor of two, which is more than in the room
with uniform absorption. In rooms with dominating absorption on just one surface the decay
curves tend to be more curved than in rooms with a more uniform distribution of the losses.

4.2 The statistical approach
Assuming a stationary ideal diffuse sound field in the room we can express the total
sound energy in the room as

2
E -y Pm> (4.13)

2

pc

where < p2 > is the spatial average of the mean square sound pressure The absorbed sound

power is

P

a,abs

2
[ 1ds=[ I ads=SPmZy (4.14)
§ § 4pc

(cf. eq. (3.12)). Note that this is not a mode-by-mode analysis; by contrast we must assume
excitation with a band of noise (cf. the considerations in section 3.3). Under the reasonable
assumption that the two expressions given by egs. (4.13) and (4.14) remain valid also during
the decay process!? we can now introduce the time constant 7 , defined as the ratio

E, _4V
P cA’

a,abs

T =

(4.15)

Assuming uniform absorption at the walls (which implies that 4 = Sa) and comparing eq.
(4.9) (for three-dimensional modes) and eq. (4.15) leads to the conclusion that they agree if

a =8Re{p} (4.16)

To first order this result is in agreement with what is found by calculating the dissipated frac-
tion of the incident sound power per unit area of an infinite plane surface with the normalised
specific admittance £, assuming uniform sound incidence (see, e.g., Morse and Ingard, 1968).

If only the wall at z = 0 is absorbing eq. (4.14) becomes

13 Obviously p2 must be interpreted as a running short-time average of the squared sound pressure for this to
be meaningful.
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Pa-]. I-dS:<fr¢>lxlva, 4.17)
pc

and eq. (4.15) becomes

B WM (4.18)

and this is seen to be in agreement with eq. (4.12) for the same relation between o and
Re { p } , confirming the consistency of the modal and the statistical theory.

5. APPLICATIONS OF REVERBERATION ROOMS

Reverberation rooms are used for a number of standardised measurements, some of
the most important of which are briefly described in the following.

5.1 Sound power determination

Reverberation rooms are useful for measurement of sound power, in particular the
sound power of machines that operate in long cycles, since the alternatives, the sound inten-
sity method and the free field method, are not very suitable for such sources.. The considera-
tions presented in sections 3.3 and 3.4 lead to the conclusions that to reduce the uncertainty
associated with sound power measurements of sources that emit pure tones the reverberation
room should be large and fairly damped; whereas the best facilities for measurements of the
sound power of sources that essentially emit random noise are large reverberation rooms with
a long reverberation time.

In section 3.1 a relation between the sound power emitted by a source in a reverbera-
tion room, the sound pressure generated by the source, and the total room absorption was de-
rived (eq. (3.12)) on the basis of considerations that made use of the concept of a perfectly
diffuse sound field. We should now be able to develop a more precise relation.

From egs. (4.1) and (4.2) we conclude that the sound power emitted by the source in
the steady state must be identical with the absorbed sound power immediately after the source
has been switched off,

P = — % — Ea (tO )d(ln(Ea (t)/EO ))
a,source dr t=t, dr 1=ty
2
__Inl0 £, (4)d(10log(E, ()/E)) | _ _ < Prns > V(,, SA)n1o i G
10 dr . pc 8V ) 10
_ < Do >V(l+ﬁ)6ln10 <Pl >V(1+S_ﬂ]13,8
pc’ 8V ) T, pc’ &) T °

where d. is the initial rate of decay of the logarithmic decay curve (in dB/s) and

T.--60/d, (5.2)
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is the corresponding reverberation time.!4 Note that the Waterhouse correction (eq. (3.16))
has been applied to account for the additional sound energy near the boundaries of the
room.!3

Since, by definition,

10log(e ™" )=-60 (dB), (5.3)

we have the following relation between the time constant and the reverberation time,

T,=6In107=13.87, (5.4)

which shows that eq. (5.1) is in agreement with eq. (4.15) (apart from the Waterhouse correc-
tion) when the decay curves are linear.

5.2 Measurement of sound absorption

Reverberation rooms are also used for measurement of the sound absorption of acous-
tic materials. In the standardised method of determining diffuse-field sound absorption a large
sample of the material under test (10 m?*) is installed in the room, and the absorption area and
thus the absorption coefficient is deduced from the resulting reduction of the reverberation
time,

4V -6In10( 1 1 553V ( 1 1
o=—- -_ = - s (5'5)
S, o T cS, \Ty Ty

where T is the reverberation time with the absorbing specimen in the room, 7}, is the rever-
beration time without the material in the room, and S; is the area of the specimen. However. it
is well known that this method gives results that vary rather significantly from one room to
another even under the conditions that are specified in the standard [30, 31], which shows that
the simple statistical theory based on egs. (3.5) and (4.15) s, after all, only approximate.

5.3 Measurement of transmission loss

A suite of reverberation rooms can be used for measurement of the transmission loss of
the partition between two adjoining rooms provided that (unwanted) flanking transmission is
negligible. In the source room the sound power incident on the partition under test is deduced
from the spatial average of the mean square pressure (cf. eq. (3.10)); and in the receiver room
the transmitted sound power is determined as described in section 5.1. The transmission loss
is the ratio of incident to transmitted sound power (in decibels).

In the receiving room one should obviously use the Waterhouse correction, although
this is not recommended by the measurement standard (for political reasons) [32]. In the
source room one should use a similar correction, as shown only recently [33].

14 In practice an interval of about 10 dB is used when the ‘early decay time’ is determined from reverberant de-
cay functions, so 7. is the time it takes for the level to decrease 10 dB multiplied by a factor of 6. At medium
and high frequencies the logarithmic decay curves are usually almost perfectly linear, and then the interval does
not matter.

15 The Waterhouse correction is negligible except at low frequencies. Since Waterhouse’s derivation was based
on an assumption of ideal diffuse sound incidence, one might expect the resulting ‘correction’ to be less accu-
rate at low frequencies, which is where it really matters. However, much later numerical calculations have con-
firmed the validity of eq. (3.16) [29].
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APPENDIX A: RANDOM VARIABLES

Random (or stochastic) variables can be described in terms of their probability density
functions. By definition the integral of such a function from minus infinity to infinity is unity,

P{—oo<x<oo}:_"jofr(u)du:1, (A1)

indicating that the variable must always assume some value. The integral of the probability
density over a certain interval gives the probability of the variable being in that interval. Thus

P{a Sbe} =J‘:fx(u)du (A2)

1s the probability that the random variable x with the probability density f takes a value in
the interval from a to b.

It is sometimes sufficient to characterise a random variable in terms of its average (or
mean or expected) value and its variance or standard deviation. The average value of x is

Efx}=| " uf(udu. (A3)
The variance is
o’ {x}zE{(x—E{x})z} :Ii(u—E{x})zfx(u)du. (A4)

The square root of the variance, o, 1is called the standard deviation. It is often useful to
normalise the standard deviation with the average value,

e{x}:a{x}/E{x}. (AS)

APPENDIX B: THE CENTRAL LIMIT THEOREM

The central limit theorem states that a sum of independent random variables having the same
probability distribution tends to become normally distributed, that is, the probability function
of the sum

Z=X X, X, (BI)
tends to
_ b wwrfe
VAOE P ; (B2)
where
uzan{xi} (B3)

and

O'=1/l’l><62{xi}. (B4)

Actually it is not even necessary for the independent random variables to have the
same probability distribution for the sum to become normally distributed; see ref. [14].
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APPENDIX C: Chi and chi-square statistics

Let x1, x2, ...x, be independent normally distributed (or Gaussian) variables with zero mean,
variance o” and the probability density

1 _uz
fx,.(u)—a\/ﬂexp( 202} (Cl)

corresponding to the joint probability function

2 2 2
f(ul,uz,...,un):;exp _t i +2 ML (C2)
(a 2 )n 20

We now define two random variables,

;(n=\/xf+x22+...+xj (C3)
and

=X XX C4

n 1 2 n

They are known as chi and chi-square statistics with n degrees of freedom, respectively, and it
can be shown that they have the following probability density functions [14],

0 foru<0

J,, = ,12 u"e 7 foru >0, (C5)
(V20) T(n/2)

0 foru <0

Fa =1 W ke oy s, (o)
(V2o) T(n/2)

where I is the gamma function,
r(z)=] :tz’le”dt . (C7)
If the argument of the gamma function is a positive integer m, then
F(m)y=(m-D!=1x2x---x(m—1). (C8)

In the particular case where n = 2 eqgs. (C5) and (C6) become the Rayleigh probability den-
sity,

0 foru <0
u)= 2o 2 C9
YA lze‘“/z" foru >0, )
o
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and the exponential probability density,
0 foru <0

,(u)= —u/20'2 CIO
flz (=1e — foru>0, (C10)
20

respectively; see figure C1. It is easy to show that a Rayleigh distributed random variable has
a relative standard deviation of

4-m
n

e{1}= =0.52, (C12)

whereas an exponentially distributed variable has a relative standard deviation of unity:

5{;(22}=1. (C13)

el—
o=

-
W

Figure Cl. Left: Rayleigh distribution; right: exponential distribution. In both cases the parameter u is the
mean value.
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LIST OF SYMBOLS

room absorption [m?]

speed of sound [m/s]

initial rate of decay [dB/s]
sound energy in a room [J]
expected value

frequency [Hz]

Schroeder frequency [Hz]
f«(y) probability density function

a

o

h\im&nm

G Green’s function [m™]

h distance from wall [m]

I sound intensity [W/m?’]

Line incident sound power per unit area [W/mz]
k wavenumber [m’']

ke component of wavenumber [m™']

k; random wavenumber vector [m'l]

Iy, I, . dimensions of rectangular room [m]

m integer

M modal overlap [dimensionless]

n(/)  modal density [Hz]

N(f) number of modes below f[dimensionless]
Ny integer

p sound pressure [Pa]

Po static pressure [Pa]

P... Ims (root mean square) sound pressure [Pa]
p sound pressure (complex representation) [Pa]
P, sound power [W]

Paabs  absorbed sound power [W]

P{} probability

0 volume velocity of monopole [m*/s]

r distance [m]

r receiver position [m]

ro source position [m]

S surface area [m’]

Ss area of absorbing specimen [m’]

t time [s]

T. reverberation time calculated from the initial part of the decay [s]
Tso reverberation time [s]

Uy particle velocity component [ms™]

V volume [m’]

wiin  kinetic energy density [kgm™s™]
Wpot ~ potential energy density [kgm™s™]
x, v,z Cartesian coordinates [m]

Y specific wall admittance [kg™'m?s]

o absorption coefficient [dimensionless]

S normalised wall admittance [dimensionless]
y ratio of specific heats [dimensionless]

I gamma function [dimensionless]
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Kronecker symbol (0 if i #j; 1 if i =) [dimensionless]
spatial delta function [m™]

relative standard deviation

Neumann symbol (1 ifi=0; 2 if i > 0) [dimensionless]
3-dB bandwidth of mode [Hz]

polar angle in spherical coordinate system [radian]
wavelength [m]

normalisation constant [dimensionless]

density of air [kgm™]

variance

time constant [s]

modal time constant [s]

azimuth angle in spherical coordinate system [radian]
random phase angle [radian]

mode function [dimensionless]

angular frequency [radian/s]

natural angular frequency of mode [radian/s]
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INDEX

Absorption
see Room absorption

Absorption coefficient, 18, 30, 32

Anderson localisation, 26
Axial mode, 7, 28

Bandwidth of mode, 14, 16

Cavity mode, 15
Central-limit theorem, 21, 36
Chi-square distribution, 21, 37

Decay of sound, 27
Degenerate modes

see Modal degeneracy
Diffuse sound field, 17
Diffuser, 20, 29

Early decay time, 32
Eigenfrequency, 5
Eigenfunction, 5
Eigenmode

see Mode
Exponential distribution, 21, 37

Frequency averaging, 24

Gauss distribution, 21, 36, 37
Green’s function, 11

Incident sound power, 18
Initial decay rate

see Early decay time
Interference pattern, 19

Modal bandwidth,
see Bandwidth of mode
Modal degeneracy, 7
Modal density, 9
Modal overlap, 16
Mode, 5
Mode shape, 5

Natural frequency, 5, 7
Noise excitation, 24, 26
Normal distribution

see Gauss distribution
Normal mode

see Mode

Oblique mode, 7, 28
Orthogonality, 11

Pure-tone excitation, 20, 25

Rayleigh distribution, 37
Resonance

see Mode
Resonance frequency

see Natural frequency
Reverberation process

see Decay of sound
Reverberation time, 16, 32
Room absorption, 18

Schroeder frequency, 17

Sound power of a source, 18, 25, 31
Sound pressure level, distribution of, 22
Spatial correlation, 23

Spatial covariance, 23

Spatial standard deviation, 22, 25, 26

Tangential mode, 7, 28
Time constant, 13, 28, 30
Total absorption

see Room absorption
Transmission loss, 32

Visco-thermal losses, 13

Wall admittance, 28
Waterhouse correction, 20, 32
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